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SUMMARY

Regions of combustion instability in rockets were calculated from a
nonlinear theory that considered the combustor to be an annular section
with very small thickness and length. Two models were used to determine
the local burning rate. One assumed that the burning rate was equal to
the vaporization rate; the other assumed that the burning rate was equal
to the chemical-reaction rate. The results show that a finite disturb-
ance is required to produce instability. The instability regions were
found to be a function of several design parameters and to be insensitive
to the activation energy, specific-heat ratio, and order of reactien of
the propellants. The vaporization-rate model was more sensitive to a
pressure disturbance for design parameters corresponding to conditions
encountered in large combustors. The chemical-reaction-rate model was
more sensitive to a pressure disturbance for conditions corresponding to
small research combustors. Wave shapes and characteristics were deter-
mined for various conditions.

INTRODUCTION

A technique or theory to predlct the occurrence of high-frequency
combustion 1nstability has been the goal of many researchers. To achieve
this geoal various investigators have taken different approaches. The
concept of a control loop with a pressure-dependent time lag was used
(refs. 1 and 2) to simulate the combustion processes. This approach
gives stability limits in terms of the time lag but suffers from the
disadvantage that one cannot relate the time lag to physical processes
or combustor design parameters. Many investigators (refs. 3 to 13) have
shown how processes that occur during combustion vary with pressure or
velocity. These variations can sustain a wave by adding energy in phase
with the wave. (This phenomenon is known as the Rayleigh criteria. )
This approach has not ylelded stability limits, and the results usually
cannot be related to the design parameters. Another approach (refs. 14
to 16) uses similarity parameters to design a combustor that is similar



to a stable combustor. In practice, however, there are too many param-
eters to scale all terms directly. It has alsc been impossible to de-
termine the stability limits as functions of the similarity parameters.

This report describes a theoretical investigation to predict and
understand instability limits. The theory used many of the concepts
previously mentioned. Transport equations similar to those used in ref-
erences 5 and 6 are used to define the motion of the gases during in-
stability. The equations are nondimensionalized to produce similarity
parameters as in references 14 and 15. Finally, the mechanistic approach
is used to define a model for the driving mechanism. Results from nu-
merical calculations using the equations are then described to show the
stability limits and other pertinent information as a function of the

variables in the theory.

The combustor geometry considered was that of an annulus with small
length and thickness. Mass was added to and removed from the annulus by
flow in the axial direction. Because of the simplicity of the model,
the results must be considered only as a rough indicaticn of what occurs
in a true three-dimensional combustor. The purpcses of the one-
dimensionel combustor were to determine whether a finite disturbance is
required to excite the instability and to determine which model for the
driving mechanism is most important in producing instability. It was
also anticipated that the one-dimensional analyesis would indicate the
importance of several design parameters and physical constants and would
indicate simplifying assumptions applicable in the analysis of a two-
or three-dimensional system.

SYMBOLS
AC cross-sectional area of combustor, sq in.
Ap amplitude of pressure disturbance, dimensicnless
At nozzle-throat area of combustor, sq in.
A, amplitude of velocity disturbance, dimensionless
o combustor contraction ratio, A,/A., dimersionless
a speed of sound in gases, in./sec
C mole fraction concentration of unburned gases, dimensionless
Car concentration of liquid drops, drops/cu in.

c specific heat at constant pressure, Btu/(1b)(°F)



specific heat at constant volume, Btu/(1b)(°F)

characteristic exhaust velocity, ft/sec

molecular diffusion coefficient, sq in./sec

actiyation energy function in Arrhenius equation, °r
Y+l

2 )T'l

function of gamma, (?—:—T

acceleration due to gravity, 386.09 in./sec2
mechanical equivalent of heat, 9339.1 in.-1b/Btu

viscous-dissipation parameter, “Oc*/ranch’ dimensionless

preexponential constant in Arrhenius equation, (cu in./lb)n'l/sec

burning-rate parameter, ranm/JI; dimensionless

molecular weight of gas, 1b mass/lb mole

molecular weight of liquid, 1b mass/lb mole

burning rate of propellant, fraction/in.

concentration exponent of Arrhenius equation, dimensionless
pressure, lb/sq in.

vapor pressure of liquid, lb/sq in.

rate of heat transferred by conduction, Btu/(sec)(sq in.)
universal gas constant, 18,510 (in.)(1lb force)/(°R)(1b mole)
radial distance, in.

surface area, sq in.

Sehmidt number, pO/DpO, dimensionless

gas temperature, CR

time, sec

dummy variable of integration
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U, internal energy of liquid, Btu/lb

v gas velocity, in./sec

AY's velocity difference between gases and drops in axial direction,
in. /sec

Vi liquid velocity, in. /sec

W propellant flow rate, 1b/sec

a correction factor for mass transfer, (P/?V)ln[P/(P - PV)], dimen-
sionless

Y specific-heat ratio, cp/cv, dimensionless

v operator, (in.)”

A thermal conductivity of gases, Btu/(in.)(sec)(OF)

u gas viscosity, 1b/(in.)(sec)

p gas density, lb/cu in.

o liquid density, 1b/cu in.

T stress tensor, lb/(in.)(secg)

w local instantaneous burning rate for various combustion models,
1b/(sec)(cu in.)

Subscripts:

an annulus

c combustion chamber

ar liquid drops

max maximum

min minimum

0 steady state

Superscript:

reduced parameter, defined in eq. (A25)

average



THEORY

The combustor geometry used in this investigation was an annular
section with a very small thickness Ar and length Az as shown in
figure 1. The propellants are assumed to be uniformly introduced at
the injector boundary and to burn at some rate, which depends on the
position within the combustor. This is accompanied by gas and liquid
flow in the axial direction. As the propellants burn, random disturb-
ances occur within the combustor. If the amplitude of a disturbance is
large enough, it may develop into a wave traveling within the combustor.
The object of this study was to determine analytically the minimum am-
plitude of a pressure or a velocity disturbance in the annulus that 1s
needed to develop into such a wave. This was accomplished by solving
the transport equations, which are derived in appendixes A to C. Cylin-
drical coordinates are used in which the z-direction corresponds to
the axial direction in the combustor. The following equations are the
result:

Continuity:
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Tdeal gas:

oP! ' T!
56' = T' 59' +p! 501 (4)

The derivatives in the axial direction were determined with the assump-
tion that the total mass, the momentum, and the energy in the annulus
were constant. Furthermore, it was assumed thabt these derivatives were
independent of r and &. These assumptions result in the following
equations (derived in appendix A), which permit evaluation of the de-
rivatives taken with respect to z:

QAL

Continuity:
2n an
ovl 3!
S p' de’ + 2nv) §p_zr = £f(y) w' ag’ (s)
0 0]
Momentum:
2n on Zn
ov!? 1 {0p! T’
H ' toL = 1 1 1 1
Vz'a‘é"/ o' dé *yﬁi_' T' A0 + = o' d6
0 0 0
2n
= - £ av'tly) f w' 46"’ (8)
0
Energy:

2 an 5
1 ov! ov!
v rbf, ot a6 + (v - 1) ‘gz—z‘/ ptoaet = 4L (r-l)jf(v)(gz—?>
0

0]
an
y 1 1 Y'l 12 t
+ 21(y) w'f{(y - T') + 7 5 (Av)™lae (7)
0
Ideal gas:
2 Zn
3P!'  3p' oT!

2 S = 22 T' 3a' + ' 3o 8
T oz'  dz' dz' e (8)



In addition tc the transport equations given previously, an expres-
sion for the instantaneous local burning rate is required. Two models
were used to compute the instantaneous burning rate. In the first model
it was assumed that the vaporization rate varied with the amplitude of
the disturbance and that the resulting vapor was instantly burned. The
burning rate (i.e., the rate of appearance of burned gas) was thus
limited by the vaporization rate. The vaporization rate was assumed to
be proportional to the Reynolds number of the liquid drop. This implies
that the temperature of the drops remained constant and also that the
number snd size of the drops entering the annulus remained constant.

The burning rate is then given by the equation

. 1/4
of = ( ')1/2[1 +<Vi>2] (9)
- A\P Av!

which is derived in appendix C.
In the second model it was assumed that the vaporization rate re-

mained constant and that a disturbance changed only the rate of conver-
sion of unburned gas into burned gas. The burning rate is then glven by

n
erefg-d] o

8‘1
!

where
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Equation (10b) determines the quantity of unburned gas, which varies
with time. The average steady-state mole fraction concentration of un-
burned gases Cp 1is given by

0 E
cl = — exp(——) (10c)
0 = e RT,

These equations are derived in appendix C.

Two different types of disturbances were imposed. The first con-
sisted of an instantaneous adiabatic pressure change at time t' =0
given by:

P' =1+ A, sin 6! (11a)
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T' = (1 + Ap sin 9')<Y sl (11b)
ot = (1 + Ap sin 9')1/Y (1lc)
vl =0 (114)
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The second type of disturbance consisted of an instantaneously imposed
velocity component in the 8-direction

Vg = A, sin 6 (12)

at constant pressure, temperature, and density.

For times greater than t' = O the prescure, the temperature, and
the velocity at each position in the annulus were calculated by means
of equations (1) to (9) with equations (9) or (10) and (11) or (12) on
an IBM 704 numerical computer. The annulus was divided into 20 equal-
sized increments. Time increments for stepwise integration varied with
the values of £, Cp, and Ap and the model for burning rate as shown

in figure 2. Smaller increments with large values of £ and Ap and
small values of Cqy were required with the kinetics model in order to
follow the rapid change in C as calculated by equation (10b). The

computer times required to determine the condition to t' = 2x are also
shown in figure 2. Computations were always made up to a minimum of
t' = n. With large time increments calculaticrs were made to +' = 10m.

RESULTS AND DISCUSSICHN

The results of the numerical calculations were pressure, particle
velocity, density, temperature, burning rate, and concentration at each
of the 20 positions in the annulus as functions of time. Typical plots
of pressure and velocity as functions of time for the various positions
are shown in figures 3 and 4. The pressure wave can be observed to
travel around the annulus; that is, the peak pressure point, which occurs
at the 72° position at t' = 6x radians, returns to the same position
at t' = 8n radians. The peak pressure point occurs at the opposite
side of the annulus (252° position) at about 7% radians or 1/2 cycle
after it occurs at the 72° position. Similar characteristics are ob-
served for the gas velocity. Nodes are also observed for each wave;
the pressure antinodes (i.e., the positions of meximum pressure fluctua-
tions) occur at the 72° and 252° positions, while the velocity anti-
nodes (i.e., the positions of maximum velocity variations) are at the
0° and 90° positions. The interactions of waves with each other through
the nonlinear aspects of the equations produce considerable noise and
distortion in the waves.



Typical pressure-position curves at a particular time are shown in
figure 5. Figure 5(a) shows the pressure profile 6 periods after the
initial disturbance occurred in a combustion chamber in which the burn-
ing rate is vaporization limited. At this time the wave has developed
into a steep-fronted wave with a peak pressure 1.43 times the average
pressure. There are also several waves of lower amplitude superimposed
on the curve. Close examination of the results shows that these low-
amplitude waves are decreasing with time.

The pressure profile obtained with the chemical-reaction-rate model
is shown in figure 5(b). The wave is sinusoidal in shape, similar to
the initial disturbance. A sinusoidal wave shape is also a characteris-
tic of the pressure profiles for combustors with low burning-rate param-
eters, regardless of the model used for the burning rate.

Local pressure-time histories at a particular position in the com-
bustor are shown in figure 6 for the same conditions as in figure 5.
For a large burning-rate parameter the amplitude increases rapidly, and
the wave shape becomes steep fronted, but for a low burning-rate param-
eter the amplitude increases very slowly.

To determine whether the amplitude of the wave increased with time,
the peak pressure minus the minimum pressure (anywhere in the combustor)
divided by the average pressure within the annulus was plotted as a func-
tion of time (fig. 7). Figure 7(a) shows the histories obtained with
the vaporization model with various burning rates. The amplitude of the
initial pressure disturbance was 10 percent of the average chamber pres-
sure. For a low value of the burning-rate parameter (e.g., 0.028) the
wave slowly decays. After a time of 10 periods the amplitude is about
9 percent of the average chamber pressure. Increasing the burning-rate
parameter produces an unstable condition wherein the amplitude of the
initial wave (viz., 10 percent of the chamber pressure) increases to a
value of approximately SO percent of the chamber pressure. As the
burning-rate parameter is further increased, the system becomes more
unstable; the pressure amplitude rises to a peak wvalue in 1/2 cycle and
stabilizes at an amplitude equal to the chamber pressure. A further in-
crease in the burning-rate parameter produces a very stable condition in
which the initial 10 percent disturbance decays to 1 percent of the cham-
ber pressure in 1/5 cycle., ©Similar characteristics are obtained when
the pressure disturbance is replaced by an initial-velocity disturbance
with an amplitude equivalent to a Mach number of 0.02. These results
are shown in figure 7(b).

Pressure histories for various values of the burning parameter using
the chemical-reaction-rate model for the burning rate are shown in fig-
ure 7(c). For these cases the initial disturbance was 20 percent of the
average chamber pressure (twice the value used with the vaporization
model for fig. 7(a)). For low values of the burning-rate parameter the
system is unstable, and the amplitude of the wave slowly increases. For
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large values of the burning-rate parameter the system becomes stable;
that is, the amplitude decays with time, the decay rate being propor-
tional to the burning-rate parameter.

From curves similar to those shown in figures 5 to 7 it was possi-
ble to determine the values of minimum disturbance that would increase
with time for a fixed set of constants. These valnes were used to de-
fine the boundaries for stable combustion. Witnh the vaporization-rate
model it was also possible to calculate the egquilibrium wave amplitude
(i.e., the condition where the amplitude did not change with time).

The stability boundaries (minimum disturbance that would increase with
time) and equilibrium amplitude for the vaporization model are shown in
figure 8(a) for various values of the velocity difference between liquid
and gas. Decreasing the velocity difference decreases the minimum pres-
sure disturbance required to drive the system into instability and in-
creases the equilibrium amplitude of the wave. A velocity difference of
0.01 (approximately SO ft/sec) corresponds to the level of turbulence
measured in the rocket combustor in reference 17, and also corresponds
to turbulence in pipe flow. The curve also shows that the minimum dis-
turbance required to excite instability has its lowest value at a
burning-rate parameter of 0.8. The equilibrium amplitude increases with
the burning-rate parameter and reaches values greater than the average
chamber pressure at high values of the burning-rate parameter. These
high equilibrium amplitudes could produce an order-of-magnitude increase
in the heat-transfer rate as calculated from reference 18. This might
explain how instability can produce burnout.

Figure 8(b) compares the results obtained with an initial pressure
disturbance with those obtained with an initial velocity disturbance.
The minimum amplitudes of the velocity and pressure disturbances that
will increase with time are plotted on scales having corresponding energy
levels. At low burning-rate parameters the stability boundaries for a
velocity disturbance coincide with those obtained with a pressure dis-
turbance. For higher values of the burning-rate parameters the minimum
velocity disturbance reguired to produce instability is less than that
required with a pressure disturbance. The equilibrium amplitude was the
same with a velocity or a pressure disturbance. With a nonsinuscidal
disturbance the stability boundaries correspondec to a sinusoidal dis-
turbance with the same peak value of the disturbance.

The effect of other parameters appearing in the equations presented
in the theory were also examined. A change in the specific-heat ratio
v from 1.0 to 1.5 had no noticeable effect on the minimum disturbance
or equilibrium amplitude. Similarly, a change in the gas velccity from
a Mach number of 0.0l to 0.7 (corresponding to velocities of 50 to
3500 ft/sec) had no effect on the stability limits of the system as long
as the velocity difference between gas and liquid was held constant.
Above velocities of Mach 0.7, the system became more stable, inasmuch as
the minimum disturbance increased and the equilibrium amplitude
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decreased. Changes in the viscous-dissipation parameter from 3x10-1X

to 2x10™° showed no effect on the stability limits. This was expected
because the shear stresses in the one-dimensional model are negligible;
thus there was negligible damping produced by viscous forces. Analysis
of two- or three-dimensional systems will be required to show the effect
of the viscous-dissipation parameter on the stability limits.

The stability limits for the chemical-reaction-rate model are shown
in figure 8(c) for two values of the concentration of unburned gases.
The minimum disturbance required to produce instability increases very
rapidly with an increasing burning-rate parameter. The minimum disturb-
ance required to excite instability also increased with decreasing con-
centration of unburned gases. The plots in figure 8(c) are for a con-
centration of unburned mixed gases of 0.1 or less. The 0.1 value cor-
responds to that calculated from equation (10c) with the largest expected
evaporation rate (i.e., 100 1b/(cu in.)(sec)) and a large activation
energy (viz., 100,000 cal/mole) for liquid propellants. The value of
0.1 could be exceeded with a premixed gaseous system. The effect of the
order of the reaction n on the stability limits was insignificant be-
tween n = 1.5 and 2.5. Similarly, variations in the activation-energy
term E/RTO from 2 to 10 showed a negligible change in the stability

limits. The equilibrium amplitude was not determined for the chemical-
reaction~-rate model, because the unstable region occurred at low burning-
rate parameters; for these conditions the amplitude increases so slowly
that excessive computer time would be required to calculate the equilib-
rium value.

The minimum disturbance required to excite instability for either
of the two models is shown in figure 8(d). At low burning-rate param-
eters a smaller disturbance will excite instability with the chemical-
reaction-rate model than with the vaporization-rate model. At larger
values of the burning-rate parameter a smaller disturbance will excite
instability with the vaporization-rate model than with the chemical-
reaction-rate model.

SUMMARY OF RESULTS

Instability regions were calculated from a nonlinear theory for an
annular combustor with a very small thickness and length. Two combustor
models were used to calculate the local instantaneous burning rate; for
one model the burning rate was equated toc the vaporization rate, and
for the other the burning rate was equated to the chemical-reaction
rate. The results indicate the following:

1. A finite pressure or a particle-velocity disturbance is required
for a system to develop a high-amplitude wave traveling within the com-~
bustor. For disturbances below the minimum value the wave decays.
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2. The minimum disturbance needed to excite instability is a func-
tion of the burning-rate parameter, the velocity difference between 1lig-
uid dreps and gas for a vaporization-rate combustor, and the concentra-
tion of unburned propellants for a chemical-reaction-rate combustor.

3. Other parameters (e.g., specific-heat ratio, gas velocity, acti-
vation energy, and order of the reaction) have a negligible influence on
the stability limits of the system. The effect of viscous damping was
negligible because the geometry considered did not include a boundary
layer or other wall effects.

4, At low burning-rate parameters (a small-diameter combustor with
a low burning rate and a large contraction ratic) a smaller disturbance
will excite instability with the chemical-reaction-rate model than with
the vaporization-rate model. With high burning-rate parameters a smaller
disturbance will excite instability with the wvaporization-rate mecdel than
with the chemical-reaction-rate model.

5. For low burning-rate parameters the wave shape is sinusoidal and
the amplitude increases very slowly. With large burning-rate parameters
the wave shape is very steep with peak amplitudes equal to the chamber
pressure.

6. For burning-rate parameters between 1 and 10 an initial pressure
disturbance of 2 to 10 percent of the average chamber pressure was re-
quired to produce instability. Above burning-rate parameters of 10 to
100, depending on the velocity difference between liquid and gas, the
system is stable. A 10 percent disturbance decays to 1 percent in a
fraction of a cycle.

CONCLUDING REMARKS

The results of this study also provide a means for estimating the
effects of propellant properties and changes in combustion scale on
system stability. These findings disclose that:

The minimum disturbance required to excite instability is affected
by changing the propellant only because different propellants precduce a
different value of the burning-rate parameter and the value of the ve-
locity difference between gases and drops; thet is, a change in propel-
lant density could influence the stability of e combustion system by
changing the injection velocity, and thereby changing the velocity dif-
ference between the liquld and the gas.

The results have also shown that, with large combustors a model
which assumes that the local burning rate is equal to the vaporization
rate requires much smaller disturbances to produce instability than a



13

model that assumes the burning rate is equal to the chemical-reaction
rate. For small-scale research combustors, however, the chemical-
reaction-rate model requires a lower disturbance to excite instability
than the vaporization model. Therefore, the application of experimental
results obtained from small-scale research combustors may not be directly
applicable to large combustors.

Lewis Research Center
National Aeronautics and Space Administration
Cleveland, Chioc, July 18, 1862
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APPENDIX A

TRANSPORT EQUATIONS WITH MASS ADDITION

The transport equations with mass addition in which there is a
phase change and energy release are developed in this appendix. The ap-
proach is similar to that used in reference 13; the nomenclature is that
used in reference 19. The equations are derived in Cartesian coordinates
in which the z-direction corresponds to the axial direction in a com-
bustor.

Equation of Continuilty

The continuity equation is derived by use of the flow model shown
in sketch (a). The p and v terms refer tc the density and velocity

z
DzVZ,XIX ’ l N 0 Z’X’X'*‘AX
' _— ][;pv '
QVX[X - _________L\\\ Y Xl x+/Ax
\ ~ i
Ng v xye

of the burned material, while Py and vy refer to the unburned mate-

rial, liquid or gas.

This equation is developed by writing a mass-balance equation for a
stationary volume element &x Ay Az  through which the fluid is moving
as shown in sketch (a):

(A1)

Rate of mass) _ <Rate of) _ (Rate of )
accumulation/ = \mass in mass out

For the pair of faces perpendicular to the x-axls the rate of mass in
through the face i=s vaI Ny Az + DZVZ,X|X by Oz, and the rate of mass
X

out is ov, TiAK Oy Az o+ DZVZ,XIY+£W Ay Az, Similar expressions can be
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written for the other faces. Since the rate of mass accumulation is
to by Az(30/3t), the balance equation then becomes

I_g//

JAY VA AN A

C/

r = AZ(p"xlX SRAETIPNI S A0 95 I pzvz,x|X+Ax)

o AY<OVZIZ ) DVZIZ+AZ ¥ DZVZ,le ) DZVZ’le+Az>

+ Ax Az(bv - oV (A2)

YIy P yly+Ay * pZVZ,y’y - vaZ)ny+Ay)

Dividing by 24x &y Az and taking the limit as these dimensions approach
zero results in

dp _ dpvy  pvy pry apZVZJX apZVZ,z aplvl,y (A3)
ST TR TR Ty T T w T TS TN AS

The last three terms are the rate at which the unburned material disap-
pears; this will be called the burning rate w. Then the equation of
continuity can be put in the following vector form:

%_%:-v-p?r’ﬂu (A4)

Equation of Motion

For a volume element Ax Ay Az the momentum-balance equation is

Rate of Rate of Rate of Sum of forces
momentum = | momentum| - |momentum| + {acting on (AS)
accumulation in out system

and the flow model is

z
yxly+£
J |
Plx — NN 1 =P iR
x|y > I Tt e
Story N ) IR O e
4 S | ——p, v, vy
\ 1 l,xvl,xlx ‘—L\\ - L,X ,x’x+Ax
i \\\7 .
Wz Ty
¥
> | Tax|

-
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The flow of momentum in the x~-direction is considered first. The rate
at which momentum enters the yz-face at x is

(vavX + DZVZ,KVZ,X)'X Ny Az, and the rate at which it leaves the yz-

face at x + Ax is (OVXVX + pzvl,XvZ,X)’X+Ax Ly Az, Expressions for

the other two faces are arrived at in a similar fashion., Hence, the net
convective flow in the x-direction is

JAVA FoR - OV, V, + Ve LV - vy LV
&y Qg X X?X e 261 (NN AR TS & Z,X’X PeVl,x Z,X'X+Ax)

+ Ax Az(pv,,V - PV, V. +poqVy LV -03V v
(p Y|y Ty TPV ] TRy Z’X|y+AY)

+ &y AX(QVZVX' - DVZVXI + OZVZ,ZVZ,X‘ -DZVZ,ZVZ,Xl (n&)
z2+Az, z+Az,

z
In order to obtain the net contribution of molecular transport to mo-

mentum in the x-direction, the rates at which momentum enters and leaves
the various faces must be combined. The sum of these rates is

by Az (TXX’X -TXX,me) + Ax Az(’ryxly— Tyx'wz_\y) + Ay Ax(sz| - sz’Z+Az)
(A7)

Fluid pressure is the only external force under consideration here; its
effect on the yz-face is

g &y £2(P|y - Py (48)
The rate of accumulation is

Apv
) X
fx by bz —sp (A9)

When the accumulation rate is equated to the sum of the other expressions
(A6) to (A8) and the limit is taken as the volume size approaches zero,

dpv. > ¢
X_ .3 4, 3 9 SRy -2
St T T T T ooy P T ag P T ax P ,x T Sy P,y x
3 S d 3 oP
"5 P1V,2",x TS Txx T oy Tyx T Tz Tex T By (420)
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Comparable equations are obtained for the y- and z-directions; these are
combined vectorially to give

Epv:—V’pW—V'pzvzvz-gW-V'T (A11)

Since

Vo oy PV, w, (A12)

<
o)
<
<}
!
<

and the liquid velocity is assumed to be constant (i.e., 71 . V?z = O),

A PyVyVy = = W,V PV, = - Tpo (A13)
and

SV V. oW+ TV VP - V - Al4)

6%— = - 0 Vi@ - gvP - T (

Expanding the first two terms of equation (Al4) and using the continuity
equation (Eq. (A4)) give

o T o(T V- (F-F o - g - T (A15)
Energy Equation

For a stationary volume element the law of conservation of energy
states that

Rate of accu- Rate of inter- ate of Iinter- et rate of
mulation of _ [ nal and kinetic nal and kinetic heat addi-
internal and " \energy in by B energy out by tion by con-
kinetic energy convection convection duction
Net rate of
work done by
"\ system on
surroundings

The rate of accumulation of internal and kinetic energy is

bx Ny Az é% (pch + Eéf pVZ) (A16)
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The net rate of convection of internal and kinetic energy across the yz-

faces is
x+éx}

1 2)
- ,,QU 4 — v
. z,ﬂ( 171 T ZgT P11

. 1 2 1 2
Ly /_\Z{VX(OCVT + TEEJ pv ) - VX<QCVT + Egj oV )

X

x+Ax:’

(A17)
The net rate cf energy input by conduction acros: the yz-faces is
& 22 (0] - %l o) (13)
The rate of work done against static pressure is
Ay Az -}-(PVXI - va|_,,) (419)
gd X+ L

Similarly the rate of work done against viscous forces is

l -
oy 4z éj[ﬁrxxvx Ty Vy t Txo V) - (TXXVX t TyVy t TXZVZ)

1

(A20)

bl A

Analogous expressions exist for the other two faces; adding these expres-
sions for all faces and equating them to the expression for the rate of
gecumulation of internal and kinetle energy as the volume size approaches
zero result in

3 1 2\ | - - 1 %
St (pcVT + Zad o} ) = =T pv(ch + S v
1 -
pzvz(uz T ) -V d
1 1
i L= 2
5 Pv 5 (t + v) (A21)
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Since

.o __.1_2)_*. L2 12 >
v Osz(Uz T 2e7 1) = ey V(Uz T2 ) Uit gg )V ey
and

Vo pzvl = -

and for constant temperature and velocity of the unburned material

then
g gl 1
and
V.3 = AN (A23)

When these equations are combined with the continuity and momentum equa-
tions,

oT > P
pcva—t=—pCV(V' V)T‘l‘?\va—EV' v
-k Wl el (B =T - (B - ) (A24)
eJ A v 2 1 1

Nondimensionalized Equations

The transport equations are nondimensionalized by means of the fol-
lowing transformations:

t' = ta/ray P' = P/Pg )
V=1V T'= Tran/poa
> (A25)
w' = wfug T' = T/Tq
o' = p/e, v' = v/a J
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The resulting equations are:

Continuity:
ap' ' 1t Tan®0 1
57 = -V olv! + o w (A26)
Motion:
ot g§ T
'-3"—,=-o*<¥'-v'>%’- —Zlgtpr - R lgr o (B0 Sy
E Po? TanPo?l P2
(A27)
Energy
BT’ )\ 2 -P-C —
p' - —p'(V' . vl)Tl + t - joRivA RN |
ot TanP0oCtv® PoCyToY
2
o g 4 [2Tan] ) T ‘I“+( = )(’" -?')2]
TPy To8Y P2 | c. T ESIIUN A
(A28)
In view of the fact that
R 2 _ R
gloy v =28 P=pgT
eyt
- =1 Uy = cpTp
c
e _ R 1
.
Cy JM\y -
it follows that
P _1 A - 5
DOa2 v TanPoSv®  TanPo®
_Fe =r-1 o =(“)Y(T-l)
PoCyTo? TanPotvT08Y  \TapPol
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For calculations based on the usual rocket combustor variables, it
is convenient to transform the dimensionless groups above by applying

the following expressions

R
Po=rom To
A
c
d:E
2,38
which results in
T+1
-1

Tan®0  Tan™ (
7

Po

+]0o
}_I
~——

and

b _ e (Z)Y_lz
pOral’la I‘anpcg vl

7 T(r) (A29)
—“—Ci—— £(v) (A30)
anch

For a given propellant combination only the following terms change with

combustor design:

(A31)
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and

¥*
- (A32)
TanPe8 4

The first term £ 1is a burning-rate parameter, and j is a viscous-
dissipation parameter. They are similar to DamkBhlers' third group and
Reynolds number except that they are based on the speed of sound rather
than the gas velocity. The burning-rate parameter ¢ is a measure of
the energy that can be added to a wave by combustion, while the viscous-
dissipation parameter / is a measure of the energy lost by viscous
forces. The transport equations then become

Continuity:
apr ' g t
3p7 = -V e’V F etef(y) (A33)
Motion:
r a:; T 1\t 1 1ot 1 1 >t I d] t
pf Sy = (V- WV - 2 VIR - ()9 - 7 - (T - V) e2(y)
(A34)
Energy:

aT’ - 2 ' -
Pl SET = ~p (¥ . VT + VT f1(y) - |y - 1Pt . W

- Irr-1)] fe(x)e (V'?f")+£f(ﬂw’[\r s ST (5]

(A35)
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APPENDIX B

TRANSPORT EQUATIONS FOR ANNULAR MODEL

For the annular combustor considered herein, the radial velocity

v, and all derivatives in the radial direction d/dr are assumed to be

zero. It is also assumed that the axial velocity deoes not vary with
angular position BVZ/BG = 0 and that all second derivatives in the

axial direction are zero. For the annular combustor where Te = Tgy

and the reduced radial distance =r' 1is always unity, these transport
equations are

Continuity:
a t . Bvé aVé a 1 a '
e R T e
Momentum (in the 9-direction):
ovg Ovh |1 3P 4 v
' _ r Y = R A 1t
o' ST = ~PVg o ’Y‘§5T + fr) 3 ar)E T e £f(y) (B2)
Momentum (in the axial or z-direction):
ovgy  |1|dP"
0O = —p'vé ST I?B? - ﬁf(Y)(Vé - Vi)w' (BS)

Energy:

, OT! , OT! ovy  ov

|4 2 1 !
i 'D'(VQ 557t V2 %ZT) + Jf1ly) YS—;T)—Z. -y - 1|P'<W +$%)
dvi\? VING  dvl dv!
* gl - 1)|/[(.6_‘;?_) +(FZ—) - %géf]fm

. ﬁf('f)w’{r s DY [(vi R ]} (B4)

Conservation of energy, momentum, and mass must apply for the entire
system as well as the incremental volumes. Therefcore, to determine the
derivatives in the axial or z-direction, the conservation equations are
integrated through the entire volume of the annulus. Since it is assumed
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that none of the terms vary in the axial or radial direction, the equa-

tions only have to be integrated in the 8-direction.
come:

The equations be-

Continuity:
2mn 2n
H ~Na1
op! T ! aV@ CVz y Op* roop! Wt 1
Ser ° o\se tar) T Vh Ty T a5y T @) a0
0 O
(B5)
Momentum (in the z-direction):
270
ov!
z 1 oP! B
0= - [D’Vé 5o Ty S P ety - vz’)w'J e’ (B6)
0
Energy
210 an
oT! aT! M*) yep!
! - [t + vt .
ol SpT 49 ( © (VQ Sot T Vs (35112 Fr)
0 ]

dvé

ov) Ovh
-(Y‘—l)P'W*‘

z 4 2 ovy
57 vy - lﬁ"(Y)/(gf) + (‘g;?)

+ m'ﬁf(?){Y -7+ ﬁl_%rilf [kVi - vy Vﬂ}>dﬁl

"deal gas:
zr 210
OP! oP! AT
/ 5o 40" = A
0
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Now it is assumed that the total mass, momentum, and energy in the
annulus does not vary with time so that all the terms in the left side
of equations (B5) to (B7) are zero. It is also assumed that none of the
terms vary in the small distances Ar] and Az' and that oT'/oz',

dvi/oz', dp'/dz', and OP'/dz' do not vary with angular position (they
are average values). Furthermore, there can be no net loss or gain of

energy, mass, or momentum fluxes in the angular (6) direction since the
system 1s closed in that direction. This results in the equations

Continuity:
2 2
av% T apy T
0 = - —~ p' dg' - 2nv} 5 + £f(y) w' ag! (B9)
0 o)
Momentum:
27 2n 2n
ovy 130 3
O:-gz—rvé pl det_?agz’ T!' do! +B_Z'_ pl a6
o
- £8(r)(vy - vi) f w'as’ (B10)
0
Energy:
270 27
ov!
ATt ' aet - -1 z P' ae'
C = - 8; v o' d (Y ) SoT
0 o]
"2
81 ovy
+'§;!Y(Y - 1)]¢ff(Y)<SE7>
21
2
+ ££(y) / m'[y - T+ (y - 1) % (V.L - VZ) ]d@’ (Bil)
0
Tdeal gas:

2 2
oP'  op' ' , , OT! ' '
2n < :52—, / T' A8’ + = / o' A6 (B12)

0 0]
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APPENDIX C

EQUATIONS FOR MASS ADDITION
Vaporization Model

The rate of propellant vaporization can be Cetermined by the follow-
ing equation from reference 20:

Cy DM, S5 o 2ra.lV - ¥y 1/2
dr-™17dr 1/3 “Far 1P
= —_— - 2 + 0.6 Sc
w RT2r o, PV[ ( m ) (c1)

If the liquid temperature and vapor pressure dc rot vary with time, the
following nondimensional vaporization rate is obtained:

N4
2+ 0.6 se/? (2rdr|v — E)
w ‘ 2
R u (c2)
2+ 0.6 Sc éﬁﬁrlvo - Vl,Ol ﬁ)

For large velocity differences or Reynolds numbers the 2 in equations
(Cl) and (C2) can be neglected; then

/2019 - 2.0 \L/¢
o = <-P-> -l (c3)
Po Vg - VZ]

In this analysis the liquid velocity is assumed to be axial (z-direction
only) and constant. For the undisturbed case the transverse gas velocity
is zero and
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n

Av
e SN2 1/4
6
= (p") [l + (Kv)] (c4)
1/2 vy \2]* '
w' = (p") [l * <Z'v'"> :I (9)
Chemical Kinetics
The chemical-reaction rate is given by the Arrhenius equaion
nn E
w = kCp exp(— _ﬁ) (Cs5)
and the average rate is
nn E
wy = kCppq exP(‘ RTO) (ce)

then

- _ [C n ' E 1
w' = _u% = (EB) (o )" exP[ﬁI'—o(l - -T—,)] (10a)



If the flow of unburned gas into a unit volume i constant and equal to

Wg, the concentration within a unit volume at any time 1is

£
(4%}
C=Cq+ 0 _ @)y
Po o} E
0
£
w H
VR (1--“—,)&1

In nondimensicnal form

tr
C 1 w!
= _ —_— 1 -
% 1+ &f(y) 5 / (_ r

where CO is determined by

)dt.’
i

O
iel

(c7)

(10c)
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Flgure 3. - Reduced pressure as function of reduced time at variocus

positions. Burning-rate parameter, 0.28; viscous-dissipation
parameter, O.3x10'7; reduced average gas veloclty, 0.05; reduced
velocity difference between gases and drops in axial direction,
0.02; specific-heat ratio, 1.2; vaporization-rate model.
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parameter, 0.28; viscous-dissipation parame-ter,
O.SXlO'7; reduced average gas veloclty, 0.0U; re-
duced velocity difference between gases anid drops
in axial direction, 0.02; specific-heat ratic, 1.2;
vaporization-rate model.
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Figure 5. - Typlcal pressure-position curves. Viscous-
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chemical-reaction-rate models.
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Figure 8. - Concluded. Stability limits of vaporization-rate and chemical-reaction-rate

models.
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